It is shown, using density matrix calculation, that high precision two-dimensional (2D) atom localization in V-type system can be achieved by applying an additional microwave coupling field between the excited states. In the present scheme, two lasers, probe and pump, form a V-type system by coupling the ground state to the excited states while an additional 2D standing microwave field is used to couple the excited states. The solutions of the density matrix equations reveal that the off-diagonal density matrix element 31 , which signify the coherence between the states connected by the probe laser, is position dependent. As the imaginary part of 31 is proportional to the imaginary part of the susceptibility, the probe absorption also becomes position dependent and in this situation one can readily obtain information about the atom position from the probe absorption spectra. Perfect 2D atom localization can be achieved by carefully selecting different system parameters such as detuning, relative phase, dephasing and field strength. It is found that the atom localization is highly dependent on the probe and coupling field detuning values. In view of this, a systematic study is performed on the system parameters and different zones have been identified which give rise to different absorption shapes, e.g. "dip", "wall", "peak" as well as negative absorption or amplification. Probe absorption spectrum is also found to be dependent on relative phase between the applied fields.
I. Introduction
Measuring atomic position with higher precision has always been a fascination for the research community. The appeal lies in surpassing the fundamental limitation imposed by the Heisenberg's uncertainty relation [1] and Rayleigh limit of resolution [2] . The intricate relationship between these two limitations was explained through the thought experiment of Heisenberg's microscope [3] and it seemed that one could not surpass Raleigh limit without violating the Uncertainty relation. Later, in connection with near-field imaging, Vigoureux and Courjon [4] showed that it is possible to go beyond Rayleigh limit without violating the uncertainty relation and the limit is in fact just one point on the uncertainty hyperbola. This was followed by the development of many classical [5, 6] as well as quantum techniques [7, 8, 9 ] to obtain super-resolution and the general principle of all the techniques have always been to use a phenomenon which is not diffraction limited [10] . These new quantum techniques opened up several new fields such as atom lithography [9, 11, 12] , quantum metrology [13] , atom trapping [14] , measurement of centre of mass wave function [15, 16, 17] , sub-wavelength microscopy and imaging [18] etc.
In one of the very early experiments [19] , the group of Cohen-Tannoudji studied a variation of the Heisenberg's microscope using atomic beam and one-dimensional standing wave. This led Thomas to derive the quantum theory of ultra-high resolution position measurement [20, 21] . He and other co-workers also practically demonstrated the technique of position measurement of atoms passing through standing wave optical field [22, 23] . In later years, several other works were published aiming at determining the atom position via optical technique [24, 25, 26, 27, 28, 29, 30] . These early methods of atom position measurement are indepth reviewed by Thomas and Zhang and can be found in ref. [31] .
For the last two decades, many other schemes are being introduced regularly for atom localization. One such scheme is to detect spontaneously emitted photons arising from the interaction of moving atoms with a classical standing wave field [32, 33, 34] . Due to the difficult nature of experimental detection of spontaneous emission, another scheme based on the measurement of upper level atomic population [35, 8] was introduced which led to the subwavelength atom localization. Many other schemes based on the atomic coherence effects, for example, using coherent population trapping [8] , electromagnetically induced transparency [17] , double dark resonance [36] etc are also very popular in this context. Among other techniques, atom localization via of Autler-Townes doublet [37] , spontaneously generated coherence [38] , two photon spontaneous emission detection [39] and super-fluorescence [40] are few to name.
A new domain of atom localization, termed as sub-half-wavelength localization, was first proposed by Sahrai et al [41] in the year 2005 for a four level Λ type atomic system. The scheme offers more control and better resolution as the atoms can be localized within a half-wavelength region with this scheme. The experimental detection of the localization is also easy as the scheme makes use of the probe absorption spectrum [42, 41, 43] for localization. In the present work, we investigate one such sub-half-wavelength atom localization in two dimensions (2D) in a V-type system. Similar work for V-type system in one dimension (1D) has been reported by Sahrai and Tajalli [44] where they studied the phase dependence of the localization scheme using density matrix calculation. Other reports on V-type atomic system showed the effect of spontaneously generated coherence and detuning on 2D atom localization [45] , 3D atom localization via three wave mixing [46] and atom localization using squeezed vacuum [47] . To our knowledge, though 2D atom localization using microwave field has been reported for four level system [48] , no has yet reported 2D atom localization in three-level V-type system using microwave coupling field between the upper two levels.
In the present scheme, the probe field connects the lower level with one upper level while the coupling field connects the other upper level to the ground level. A standing microwave coupling field is introduced between the upper two levels which are well separated in energy.
This forms a closed cycle transition and the resultant phase dependency was studied by Sahrai and Tajalli [44] for a 1D V-type system. Apart from discussing the phase dependence in the 2D system, it is shown in the results section that the atom localization is highly sensitive to the field detuning values and gives rise to different absorption shapes in different parameter zones. The effect of the dephasing parameter on the 2D localization is explored and is found to be detrimental to the localization. The effect of microwave coupling strength is also studied and discussed at the same time.
II. Model and equations
The proposed scheme for the atom localization in three-level V-type system is shown in We also assume that the centre of mass of the atom is at rest in the interaction plane. Therefore we can neglect the kinetic energy term in the system Hamiltonian following the Raman-Nath approximation [49, 34, 50] . Therefore, under dipole approximation, the total Hamiltonian for the atom-field combined system is given by,
where 0 is the bare atomic Hamiltonian and is the interaction Hamiltonian. The two
Hamiltonians can be written as, here is the atom number density, 0 is the permittivity of free space. The susceptibility ( ) can be written as, = ′ + ′′ where the probe absorption is proportional to the imaginary part of the susceptibility ( ′′ ) which itself is proportional to ( 31 ). Therefore in the present endeavor, our aim is to calculate steady state values of ( 31 ) for different parameter settings and to understand the behavior of atom localization from the same.
In order to understand the system dynamics we make use of Von-Neumann equation [53] for density matrix which can be written as,
where
. Γ is the relaxation matrix which incorporates the decay rate in equation (6) and Γ s are the decay rates of the individual levels. The individual decay rates can be replaced with the coherence decay rates γ = (Γ + Γ )/2. With the assumptions that Γ 1 = 0 and upper levels can only decay to the ground state| 1⟩ , the coherence decay rates simply become γ 31 ≈ γ 3 = Γ 3 /2 and γ 21 ≈ γ 2 = Γ 2 /2. The decay between the upper states has been neglected. With the help of equation (6) and (4) the equations of motion for the density matrix elements under steady state condition ( ≈ 0) can be written as,
Equation (16) follows from the fact that total probability must be equal to unity.
Analytical solution for the equations (7)- (16) we avoided making such assumptions and tried to solve the equations using the computer code
Mathematica. This enabled us not only to systematically study the dependence of the atom localization on different system parameters without extra assumptions but also new features emerge in the probe absorption line shape with this approach. Using the same approach one can readily obtain an analytical expression for 31 but it has been avoided to present it in the article due to its bulky appearance. Though it is not readily seen from equations (7)- (16), the probe absorption indeed becomes position dependent in a V-type system and the atom position information can be extracted from the probe absorption as it passes through the standing wave field. Following section discusses the outcome of the calculation in more detail.
III. Numerical results and discussion
In this section, the results of the calculation on 2D atom localization in V-type system based on the solution of the equations (7)- (16) for 31 for different values of the system parameters is presented and discussed. The value of the coherence decay rate 2 is assumed to be 1 which is basically same as the normalization of 31 with respect to 2 . The values of the system parameters which have a physical dimension of frequency are in the units of 2 . It is also assumed that the phase of the microwave field = 0 and the relative phase between the coupling and the probe field is represented by = ( − ). Following subsections discuss the effects of the system parameters on the atom localization for two distinct cases. In case-I, the detuning values of the probe and the coupling fields are considered to be equal i.e. Δ = Δ whereas in case-II they are considered to be unequal i.e. Δ ≠ Δ . It will be clear from the results that case-II, which was left unexplored by Sahrai and Tajalli [44] in their 1D calculation, exhibits markedly different phenomena than case-I.
III.A. Case-I: Equal probe and coupling field detuning values ( = )
In this case, the probe and the coupling field detuning values are assumed to be equal. This situation was explored, under a limited scope, in the earlier work by Sahrai and Tajalli [44] for 1D localization in V-type system. Fig. 2 shows the probe absorption represented by ( are well below 0.4 which signifies that the maximum probability of the localization is less than 50%. The numbers of peaks within a full wavelength in both X and Y direction is also limited to one. On changing the field detuning values from Δ p = Δ c = −10 toward Δ p = Δ c = 10, the appearance of "dip" at the locations of absorption maxima can be seen. This is shown in Fig. 3 (a)-(h). The shape of the dips also changes from circular ones to rectangular ones and back again to the circular ones as the detuning value is changed. The depth of the "dip" also increases and later comes back to the same value as the detuning values are changed. These figures also reveal the gradual shift in the localization positions with the change in the detuning values. While the detuning values are changed, the appearance of a distinctive feature which resembles the appearance of a "wall" type absorption shape can be noticed. Fig. 4 shows this "wall" type absorption shape for near resonant probe and coupling field �Δ p = Δ c = −0.3, 0.1�. In this situation, the probability of absorptions at the earlier atom localization positions ( , = ± /4) are almost close to zero while maximum absorption appears at the "wall" which are located on + (−1) = ± straight lines on the Kx-Ky plane. The absorption peak is much reduced and becomes close to zero for other field detuning values which are not shown here.
Next, the behavior of the relative phase ( ) on the probe absorption is studied. Fig. 5 illustrates such phase dependence of the absorption shapes. As is changed from 0 to , the localization positions shift from , = /4 to , = − /4 along with other localizations peaks at full wavelengths apart. The trend is repeated for the "dip" type absorption shape as well. Though the same phenomenon was reported for 1D localization by Sahrai and Tajalli [44] , no effect of the phase on the "wall" type absorption shape is noticed for case-I. From this observation one can conclude that profound phase dependency is present at all field detuning values except for near resonant situation even for the 2D case. The effect of the dephasing parameter ( 3 ) on different absorption shapes is presented in Fig. 6 . It shows different absorption shapes for two different dephasing parameter values. As 3 is increased from 0.5 to 2.0, the absorption peaks are much reduced which is shown in Fig. 6 (a)-(b) . The same is true for "dip" and "wall" type absorption shapes. Therefore it is evident that the dephasing of the excited state affects the atom localization negatively. Lower the dephasing, stronger will be the atom localization. In the final plot for case-I, the effect of the microwave coupling strength(Ω ) on the "wall" type absorption shape is studied. Fig. 7 (a)-(c) show the behavior as Ω is increased from 2.5 to 10. It is clear from the plots that the width of the "wall" is reduced as the coupling strength is increased which means that the absorption line-width on the straight line + (−1) = ± are affected by the microwave coupling strength adversely.
III.B. Case-II: Coupling and probe field detuning values are unequal ( ≠ )
In case-II, the nature of the atom localization is studied assuming probe and coupling field detuning values are unequal. This case is pretty different than case-I and brings out some interesting observations. Fig. 8 presents the absorption peaks in Kx-Ky space for case-II. Plots (a)
to (e) show the absorption peaks for different field detuning values. The number of localization peaks in a full wavelength domain is now doubled compared to case-I. There are now absorption peaks at = = /4 and at = = − /4 simultaneously. It can also be seen from the plots that the peaks are not of equal height i.e. the probability of the localization are not same at the two locations. As the field detuning values are changed, it can be noticed that the localization peak at − /4 diminishes at a faster rate than the localization peak at /4 and ultimately the peak at − /4 becomes stronger compared to the peak at /4. In case-I, as the field detuning values were changed, a shift in the localization position from − /4 to /4 and vice versa was observed but here an alteration in the absorption strength of the localization peaks can be seen. These phenomena for case-II can be considered more general compared to case-I and will be discussed later with the help of Fig. 14 . The appearance of negative absorption, as shown in Fig. 8 (f) , at = = /4 (and at locations full wavelength apart) is also observed in this case. Therefore there is a possibility that the atom localization and light amplification can both be observed under same setting, in this case, the V-type system under the influence of microwave standing wave field. The appearance of "dip" type absorption shape at the locations of the maximum absorption is also observed in case-II for particular field detuning values. The "dip" appears in all of the absorption peaks and it is found that the characteristics of the dips are sensitive to the field detuning values. The diameter and the depth of the dips increased as the probe field detuning values were increased while the coupling field detuning values were kept fixed. This is shown in Fig. 9 . The "dip" conveniently converts to "wall" type absorption shape as we keep on increasing the probe field detuning values. Fig. 10 shows the evolution of the "wall" type structure from the "dip" type absorption shape. This conversion takes place within a very narrow range of the probe detuning values �Δ c = −25, Δ p = −0.7 ↔ 0� while the other parameters were kept fixed. This overall behavior of the "dip" and the "wall" type absorption shape is very similar the case-I. The effect of the relative phase on localization for case-II is studied next. It is found that the effect is somewhat similar to case-I and is shown in Fig. 11 . The absorption or localization "peaks" do change their locations from , = /4 to , = − /4 and vice versa as the phase is changed from 0 to . This also holds true for other locations at full wavelength apart. As the absorption peaks at these locations are not of equal height, this change is readily observable and is shown in Fig. 11(a)-(b) . The same is true for the "dip" type absorption shapes and is illustrated in Fig. 11(c)-(d) . Plot (e) and (f) show the response of the "wall" type absorption shapes under the influence of and no noticeable change in its appearance can be found. The next job was to monitor the effect of 3 on the probe absorption and similar behavior as in case-I is seen for all the absorption shapes. This is presented in Fig. 12 (a)-(f) . In a final attempt to identify any other marked difference between case-I and case-II, the effect of Ω on the "wall" type absorption shape was also studied for case-II but no noticeable difference can be pointed out. Though the absorption line-width is not quantified in this attempt, it can be seen from Fig. 13 that the "wall" thickness is reduced as we increased the microwave coupling strength (Ω ).
From Case-I and Case-II it is pretty clear that the absorption shapes are very sensitive to the field detuning and a little change in their value can give rise to different types of absorption shapes. In view of this, it is desirable to have better insight in the system parameters so that different absorption shapes can be produced predictably just by tweaking the system parameters.
This led us to Fig. 14 The additional two-photon resonance condition can allow for destructive quantum interference to occur at the alternate sites which might lead to missing absorption peaks at the alternate sites.
However, one can only tell for sure when better insight into the system dynamics is gained.
IV. Conclusions
In the present study, the possibility of extending an earlier proposed one dimensional atom localization scheme to two dimension for a V-type three level atomic system is explored.
Two orthogonal standing microwave field in x and y direction is chosen to drive the atomic transition between the upper two atomic levels while the same levels form a conventional V-type coupling to the ground level with the help of a probe field and a coupling field. This is in contrast to the earlier localization scheme where only a single standing-wave field in x direction is used between the upper levels. The results show the presence of localization peaks for two dimensional system and therefore it is claimed that the scheme of localization can be suitably extended to two dimension. It is found that the number of localization peak per period of the standing wave field is equal to one for equal probe and coupling field detuning values and it doubles when the detuning values are not equal. The dependence of the atom localization on different field parameters i.e. detuning, relative phase, dephasing and microwave coupling strength is also studied. It is observed that relative phase between the probe and the coupling field is a crucial parameter and changing it from 0 to either changes the position of the localization peaks on the localization plane (Kx-Ky) or alters the localization probability depending on the field detuning values. The appearance of different other absorption shapes e.g.
"dip", "wall" has also been marked on the Δ c -Δ p plane which will certainly help in identifying the optimum condition for achieving the localization. Finally, in ref [54, 55] , the authors used Cesium 6 1/2 ( = 4) energy level as the ground state and 6 3/2 ( / = 3,4,5) as the excited states to form a typical V-type atomic configuration using two lasers. Since the transition frequencies within the hyperfine manifold of 6 3/2 energy level fall in the microwave region, practical realization of the scheme should be possible by sending Cesium atoms through a two dimensional microwave cavity and using two appropriate lasers. 
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